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Application of Lagrange mechanics for analysis of the light-like particle motion in
pseudo-Riemann space
Wladimir Belayev
Center for Relativity and Astrophysics, Saint-Petersburg, Russia
e-mail: wbelayev@yandex.ru
We consider variation of energy of the light-like particle in the pseudo-Riemann space-time, find
Lagrangian, canonical momenta and forces. Equations of the critical curve are obtained by the
nonzero energy integral variation in accordance with principles of the calculus of variations in me-
chanics. This method is compared with the Fermat’s and geodesics principles. Equations for energy
and momentum of the particle transferred to the gravity field are defined. Equations of the critical
curve are solved for the metrics of Schwarzschild, FLRW model for the flat space and Goedel. The
gravitation mass of the photon is found in central gravity field in the Newtonian limit.
Keywords: variational methods, light-like particle, canonical momenta and forces, Fermat’s principle
I. INTRODUCTION
One of postulates of general relativity is claim that in gravity field in the absence of other forces the word lines of
the material particles and the light rays are geodesics. In differential geometry a geodesic line in case of not null path
is defined as a curve, whose tangent vector is parallel propagated along itself [1]. The differential equations of geodesic
can be found also by the variation method as a path of extremal length with the aid of the virtual displacements of
coordinates xi on a small quantity ωi. When we add variation to coordinate of the material particle, the time-like
interval slow changes, though that leaves it time-like.
Finding of the differential equations of the null geodesic, corresponding to the light ray motion, by calculus of
variations is described in [2]. In space-time with metrical coefficients gij it is considered variation of the first integral
of these equations
η = gij
dxi
dµ
dxj
dµ
, (1.1)
where µ is affine parameter. Deriving variation for extremum determination we must admit arbitrary small displace-
ments of coordinates. The variation of integral of η expanded in multiple Taylor series is written as
δI =
∫ µ1
µ0


∞∑
n=1
∑
β1+...+β4=n
[
1
β1! . . . β4!
∂ngij
∂β1x1 . . . ∂β4x4
dxi
dµ
dxj
dµ
(ω1)β1 . . . (ω4)β4
]
+
+gij
(
2
dxi
dµ
dωj
dµ
+
dωi
dµ
dωj
dµ
)
+
+
∞∑
n=1
∑
β1+...+β4=n
[
1
β1! . . . β4!
∂ngij
∂β1x1 . . . ∂β4x4
(
2
dxi
dµ
dωj
dµ
+
dωi
dµ
dωj
dµ
)
(ω1)β1 . . . (ω4)β4
]
 dµ, (1.2)
where µ0, µ1 are values of the affine parameter in points, which are linked by found geodesic. The sum of terms
containing variations ωi, dωi/dµ in first power is equated to null. Under condition ωi(µ0) = ω
i(µ1) = 0, this leads to
the geodesic equations in form
d2xl
dµ2
+ Γlij
dxi
dµ
dxj
dµ
= 0, (1.3)
where Γlij are Christoffel symbols:
Γlij =
1
2
glm
(
∂gjm
∂xi
+
∂gim
∂xj
− ∂gij
∂xm
)
. (1.4)
2The other terms of series in (1.2), containing variations of coordinates and their derivatives by µ in more high
powers or their products and being able to have nonzero values, don’t take into account. Thus such method admits
violation of the condition η = 0, which means that with certain coordinates variations the interval a prior becomes
time-like or space-like. Since this interval accords with the light ray motion, one leads to the Lorentz-invariance
violation in locality, namely, anisotropies.
It is shown for the massive particle [5] that a fundamental space-time discreteness need not contradict Lorentz
invariance, and causal set’s discreteness is in fact locally Lorentz invariant. The possibility of Lorentz symmetry
break for the photon in vacuum by effects from the Plank scale is studied in [3, 4]. However, experiments [6] show
exceptionally high precision of constancy of the light speed confirmed a Lorentz symmetry in locality, and astrophysical
tests don’t detect isotropic Lorentz violation [4].
In the method of calculus of variations in the large [7] ones are considered as possible paths along the manifold
disregarding kind of interval, not as the trajectories of physical particles. This approach exceeds the limits of classical
variational principle in mechanics, according as which virtual motions of the system are compared with cinematically
possible motions.
Approximating time-like interval conforming in general relativity to the material particle motion between fixed
points to null leads in physical sense to unlimited increase of its momentum, and the space-like interval doesn’t
conform to move of any object. In this connection it should pay attention on speculation that discreteness at the
Planck scale reveals maximum value of momentum for the fundamental particles [8].
The geodesic line must be extremal [1], and the test particle moves along it only in the absence of non-gravity forces.
Should photon have some rest mass variations of its path don’t give different kinds of intervals, but this assumption
doesn’t confirm by experiments [9]. We examine choosing of energy so in order that application of variational principle
to its integral for deriving of the isotropic critical curves equations would not lead to considering non-null paths.
II. DEFINITION OF ENERGY AND ITS VARIATION
The interval in pseudo-Riemann space-time with metrical coefficients g˜11:
ds2 = g˜ijdx
idxj (2.1)
after substitutions
g˜11 = ρ
2g11, g˜1k = ρg1k, g˜kq = gkq (2.2)
is rewritten in form
ds2 = ρ2g11dx
12 + 2ρg1kdx
1dxk + gkqdx
kdxq. (2.3)
Here, ρ is some quantity, which is assumed to be equal 1. Putting down x1as time, coordinates with indexes k, q = 2, 3, 4
as space coordinates and considering ρ as energy of light-like particle with ds = 0 [10,11] we present it as
ρ =
(
g11
dx1
dµ
)−1{
−g1k dx
k
dµ
+ σ
[
(g1kg1q − g11gkq)dx
k
dµ
dxq
dµ
]1/2}
, (2.4)
where σ is ±1.
Indexes except k, q are assigned values 1 to 4. With denotation of the velocity four-vector components as ui = dxi/dµ
energy variation will be
δρ =
∂ρ
∂xλ
δxλ +
∂ρ
∂uλ
δuλ. (2.5)
After substitution
σ
[
(g1kg1q − g11gkq)dx
k
dµ
dxq
dµ
]1/2
= g1i
dxi
dµ
(2.6)
the partial derivatives with respect to coordinates are written as
∂ρ
∂xλ
=
1
g11u1
[
−∂g1k
∂xλ
uk +
1
2u1
(
2
∂g1k
∂xλ
g1q− ∂g11
∂xλ
gkq − ∂gkq
∂xλ
g11
)
ukuq
]
− 1
g11
∂g11
∂xλ
. (2.7)
3This expression is reduced to
∂ρ
∂xλ
= − 1
2u1u1
∂gij
∂xλ
uiuj . (2.8)
The partial derivatives with respect to components of the velocity four-vector are
∂ρ
∂uλ
= − uλ
u1u1
. (2.9)
With g11 = 0 and g1k 6= 0 even if for one k the energy takes form
ρ =
gkqu
kuq
2u1u1
. (2.10)
In this case the partial derivatives of ρ coincide with (2.8) and (2.9).
For the free moving a particle lagrangian is taken in form
L = −ρ, (2.11)
and conforms to relation [12]:
ρ = uλ
∂L
∂uλ
− L. (2.12)
Thus energy ρ is a hamiltonian of the particle in gravitational field also an integral of the motion. Obtained derivatives
give the canonical momenta
pλ =
∂L
∂uλ
=
uλ
u1u1
(2.13)
and forces
Fλ =
∂L
∂xλ
=
1
2u1u1
∂gij
∂xλ
uiuj . (2.14)
We note that the canonical forces, unlike canonical momenta, do not depend on the affine parameter.
Components of the associated vector of the canonical momenta are
pλ =
uλ
u1u1
. (2.15)
III. DEFINITION OF MOMENTA AND FORCES
Units is chosen so that a light velocity and a Planck constants are c = h = 1. Physical energy and momenta of
photon with frequency ν in Minkowski space-time with affine parameter µ = t form contravariant 4-vector of momenta
pii = νui. For arbitrary affine parameter it is rewritten as
pii = ν
ui
u1
. (3.1)
These energy and momenta are found from non-gravitational interaction of the particles. We designate them as
effective energy and momenta.
And in pseudo-Riemannian space-time similar energy and momenta of the photon will be put in line with the
components of the vector of canonical momenta with raised indices. A certain fixed value of the photon’s frequency
ν0 is given by the corresponding equality ν = ν0/u1. Comparing expressions (2.15) and (3.1), we obtain
pii = ν0p
i. (3.2)
This one provides lagrangian of the photon Lph = ν0L. The components of vector
F k = gkλFλ (3.3)
associated to (2.14), with this approach, are proportional to gravity forces:
Qi = ν0F
i, (3.4)
which acts on the photon. That is, although non-straight motion of particle in space-time according to the general
relativity due to its curvature, identified with the gravitational field, we believe that it is caused by the action of
forces obtained by considering the movement in the coordinate frame.
4IV. EQUATIONS OF ISOTROPIC CRITICAL CURVE
Taking into account equation (2.11) a motion equations are found by using Hamilton’s principle from variation of
energy integral
S =
∫ µ1
µ0
ρdµ. (4.1)
Energy ρ is non-zero, its variations leave interval to be light-like, and application of standard variational procedure
yields Euler-Lagrange equations
d
dµ
∂ρ
∂uλ
− ∂ρ
∂xλ
= 0 . (4.2)
Critical curve equations are obtained by substitution of partial derivatives (2.8) and (2.9) in these equations. For
derivative of the first component of four-velocity vector we have
du1
dµ
+
u1
2u1
∂gij
∂x1
uiuj = 0 . (4.3)
In the general form, the equations (4.2) will be
(g1kvλ − gkλv1)dv
k
dµ
+
[(
∂g1j
∂xi
− v1
2v1
dv1
dµ
)
vλ −
(
∂gλi
∂xj
− 1
2
∂gij
∂xλ
)
v1
]
vivj = 0. (4.4)
Replacement of derivative du1/dµ here on its expression obtained from (4.3) gives
(g1kvλ − gkλv1)dv
k
dµ
+
[(
∂g1j
∂xi
− 1
2
∂gij
∂x1
)
vλ −
(
∂gλi
∂xj
− 1
2
∂gij
∂xλ
)
v1
]
vivj = 0. (4.5)
The components of these equations can be expressed in terms of the components of the geodetic equations. After
multiplication by gkl and summations over repeated indexes l the geodesics equations (1.3) will be as follows
gkj
d2xj
dµ2
+
1
2
(
∂gki
∂xj
+
∂gkj
∂xi
− ∂gji
∂xk
)
dxj
dµ
dxi
dµ
= 0. (4.6)
We denote the left-hand side of this equation by
⌢
Dk . Then the equations (4.5) are written in the form
vλ
⌢
D1 −v1
⌢
Dλ= 0. (4.7)
Coupled with equation (4.3), they describe the motion of a light-like particle in accordance with the principle of an
extremal energy integral. It can be argued that any solution of null geodesic equations will be such for the obtained
equations. According to Cauchy’s theorem these systems are identical.
V. COMPARISON OF ENERGY INTEGRAL VARIATION AND FERMAT PRINCIPLES
Let us clear whether proposed variational method conforms to Fermat’s principle for stationary gravity field [1,13],
which is formulated as follows
δ
∫
1
g11
(
dl + g1kdx
k
)
= 0, (5.1)
where dl is element of spatial distance along the ray
dl2 =
(
g1pg1q
g11
− gpq
)
dxpdxq . (5.2)
Denoting
df =
1
g11
(
dl + g1kdx
k
)
, (5.3)
5and comparing this expression with (2.4) we write
df
dµ
= −ρu1. (5.4)
Therefore, variation (5.1) is equivalent to variation of integral
S1 =
∫ µ1
µ0
ρu1dµ. (5.5)
We condition by appropriate choice of the affine parameter µ the constant value of u1. The metrical coefficients in
case of the stationary field doesn’t depend on time, therefore we have ∂ρ/∂x1 = 0. The Euler-Lagrange equation for
the f , corresponded to the time coordinate, gives
dρ
dµ
− ∂ρ
∂x1
u1 = 0. (5.6)
Since the energy ρ is assumed to be constant along critical curve, its differential is zero. Thus, expression (5.5) with
constant u1 is idential equation as well as equation (4.3). For the space coordinates, the equations are follows:
d
dµ
(
∂ρ
∂uk
)
u1 +
∂ρ
∂uk
du1
dµ
− ∂ρ
∂xk
u1 = 0. (5.7)
The second term in the left part of equations will be vanishing and they shall be identical to (4.2).
In [14] the generalized Fermat’s principle is proposed. It is applied Pontryagin’s minimum principle of the optimal
control theory and obtained an effective Hamiltonian for the light-like particle motion in a curved spacetime. The
dynamical equations for this Hamiltonian are
Q = u1 (5.8)
and
d
dµ
(
∂Q
∂x˙q
)
− ∂Q
∂xq
− ∂Q
∂x0
∂Q
∂x˙q
= 0 . (5.9)
Function Q coincides with −dfdµ, under condition that the metric coefficients in(5.2), (5.3) also depend on time. It is
shown that obtained dynamical equations correspond to the null geodesic. Following from (5.4) expression for energy
ρ = Q/u1 substituted in (5.7) yields equations (5.9), which confirms the identity of principle of an extremal energy
integral of light-like particle and generalized Fermat’s principle.
VI. ENERGY AND MOMENTUM OF PARTICLE TRANSFERRED TO GRAVITY FIELD
Euler-Lagrange equations can be rewritten in form
dpλ
dµ
− Fλ = 0 . (6.1)
Passing in these equations to the associated canonical momenta and forces, we obtain
F k =
dpk
dµ
+ gkλ
dgλi
dµ
pi. (6.2)
In accordance with conservation laws, the vector of energy and momentum of a system that includes a particle and
the gravitational field generated by it, denoted by p¯k, can be written as the sum of the momentum and energy of the
particle itself pkand transmitted it to the gravitational field
↔
p
k
. The vector p¯k changes under the influence of the
force from the source of gravity:
dp¯k
dµ
=
dpk
dµ
+
d
↔
p
k
dµ
= F k. (6.3)
6Comparing two expressions for F k and passing in (6.2) to the partial derivatives of metrical coefficients we find the
rate of exchange of energy and momentum between particle and gravitational field
d
↔
p
k
dµ
= gkλ
∂gλi
∂xj
ujpi. (6.4)
From the conservation laws it follows that the force acting on the system including the particle and the gravitational
field generated by it is equal in magnitude and opposite in sign to the force acting on the system of the source of
gravitation from the side of the particle system. This is equivalent to fulfilling Newton’s third law. Its adherence to
the Newtonian limit of gravity means the equality of the passive and active gravitational masses.
VII. PHOTON’S DYNAMICS IN SCHWARZSCHILD SPACE-TIME
A. Spherical Coordinates
A centrally symmetric gravity field in the free space is described by the Schwarzschild metric. At spherical coordi-
nates xi = (t, r, θ, ϕ) its line element is
ds2 =
(
1− α
r
)
dt2 −
(
1− α
r
)
−1
dr2 − r2(dθ2 + sin2 θdφ2), (7.1)
where α is constant.
For this space we find equations of the critical curve of the integral energy ρ. The canonical momenta (2.13) for
the cyclic coordinates t, ϕ are the constants of motion
A =
dt
dµ
, (7.2)
C = r2 sin2 θ
dϕ
dµ
(
1− α
r
)
−1
. (7.3)
Equations (4.5) for coordinates r, θ give
d2r
dµ2
+
α
2r2
(
1− α
r
)( dt
dµ
)2
− 3α
2r(r − α)
(
dr
dµ
)2
− (r − α)
[(
dθ
dµ
)2
+ sin2 θ
(
dφ
dµ
)2]
= 0 , (7.4)
d2θ
dµ2
+
2r − 3α
r(r − α)
dr
dµ
dθ
dµ
+
1
2
sin 2θ
(
dϕ
dµ
)2
= 0 , (7.5)
Metric (7.1) for the isotropic curve yields
(
1− α
r
)( dt
dµ
)2
−
(
1− α
r
)
−1
(
dr
dµ
)2
− r2
[(
dθ
dµ
)2
+ sin2 θ
(
dφ
dµ
)2]
= 0 . (7.6)
Assuming that A = 1 and considering motion in plane θ = pi/2 we write derivatives of the cyclic coordinates
dt
dµ
= 1 , (7.7)
dϕ
dµ
=
C
r2
(
1− α
r
)
. (7.8)
Substituting these values in equation (7.6) we find
dr
dµ
= ±
[(
1− α
r
)2
−
(
C
r
)2 (
1− α
r
)3]1/2
. (7.9)
7Found velocities coincide with solutions of the null geodesic equations for the Schwarzschild space-time [2] to within
parameter of differentiation
dµ = dµs
(
1− α
r
)
−1
, (7.10)
where µs corresponds to geodesic equations.
The canonical momenta (2.13) and forces (2.14) are
p1 = 1, p2 = ∓ 1(
1− αr
)
√
1− C
2
r2
(
1− α
r
)
,
p3 = 0, p4 = −C; (7.11)
F1 = F3 = F4 = 0,
F2 =
α
r2
(
1− αr
) − C2
r3
+
αC2
2r4
. (7.12)
Nonzero components of vector of the canonical momenta with raised indices are
p1 =
1(
1− αr
) ,
p2 = ±
√
1− C
2
r2
(
1− α
r
)
,
p4 =
C
r2
. (7.13)
A nonzero component of vector of the canonical forces with raised indices is
F 2 = − α
r2
+
C2
r3
(
1− α
r
)(
1− α
2r
)
. (7.14)
In so far as with gravitational constant G and active gravitational mass M the Newtonian limit of gravity theory
requires α = 2GM , for the radial motion, C = 0, the first term of F 2 yields twice Newton gravity force. Taking into
account (3.4) it corresponds to the gravitatinal mass of the photon
mg p = 2ν0. (7.15)
B. Rectangular Coordinates
Considering the non-radial motion in order to avoid the appearance of a fictitious component of the force due to the
sphericity of the coordinate system, we use the Schwarzschild metric in rectangular coordinates. The isotropic form
of the Schwarzschild metric, to which one can go from its standard form (7.1) with the help of the transformation
r =
(
1 +
α
4r¯
)2
r¯, (7.16)
is written as
ds2 =
(
1− α
4r¯
1 + α
4r¯
)2
dt2 −
(
1 +
α
4r¯
)4
(dx2 + dy2 + dz2), (7.17)
where (t, x, y, z) is rectangular frame and r¯ =
√
x2 + y2 + z2.
8We will consider the motion in the plane z = 0 and seek the force acting on the particle at a point (t, x, 0, 0) that
corresponds to the value of the angular coordinate ϕ = 0 in the spherical frame. Coordinate transformations in the
plane are
x = r¯ cosϕ, y = r¯ sinϕ. (7.18)
The nonzero spatial components of the 4-velocity are
u¯2 =
dx
dµ
=
dr¯
dµ
, u¯3 =
dy
dµ
=
dϕ
dµ
r¯. (7.19)
The transformation (7.25) implies the relation
dr =
(
1− α
2
16r¯2
)
dr¯. (7.20)
Equations (7.7)-(7.9) yield
u¯1 = 1, (7.21)
u¯1 =
(
1− α
4r¯
1 + α
4r¯
)2
, (7.22)
u¯2 = ±
(
1− α
4r¯
)
(
1 + α
4r¯
)3
[
1 − C
2
(
1− α
4r¯
)2
r¯2
(
1 + α
4r¯
)6
]1/2
, (7.23)
u¯3 =
C
(
1− α
4r¯
)2
r¯
(
1 + α
4r¯
)6 . (7.24)
Substitution of these velocities in (2.15) gives components of associated vector of the canonical momenta
p1=
(
1+ α
4r
1− α
4r
)2
, (7.25)
p2= ± 1(
1− α
16r2
)
[
1 −C
2
(
1− α
4r
)2
r2
(
1+ α
4r
)6
]1/2
, (7.26)
p3=
C
r
(
1+ α
4r
)4 . (7.27)
Passing back from the variable r to r, we write, in accordance with equation (3.2), the value of the photon energy
and momentum in a remote coordinate frame
E=ν0
(
1−α
r
)
−1
, (7.28)
P=[(p2)+(p3)]
1/2
=
ν(
1− α
16r2
) , (7.29)
where ν0 is the photon frequency at infinity at the world line with unlimited r. Moving to the scale of the length of
spherical frame in view of Eq. (7.29) we obtain P = ν0.
9The components of the canonical forces vector F k (3.3) are put in correspondence with the gravitational forces
acting on the particle. Substituting these 4-velocities in (2.14), we find the unique nonzero component of the force
vector acting on the light-like particle:
F¯ 2 = − α
(
1− α
8r¯
)
r¯2
(
1 + α
4r¯
)5 (
1− α
4r¯
) . (7.30)
Its magnitude does not depend on the direction of motion of the photon. This formula differs from equation (7.14) with
C = 0, which corresponds to the radial motion in spherical coordinates. That is, the expression for the gravitational
force acting on the photon depends on the choice of the coordinate system. However, in the limit of weak gravity
these expressions asymptotically converge and give Newton’s law of gravitation with the gravitational mass of the
photon (7.15). One conforms to the light deflection in central gravity field [15], which is twice value being given by
the Newton gravity theory.
Obtained gravitational mass of the light-like particle is independent on the direction of its motion. The gravitational
mass of a photon for low gravity is equal to doubled mass of a material particle, equivalent to its energy. This
corresponds to the results of Tolman [16] obtained for the interaction between a light package and a material particle.
VIII. EXTREMAL ISOTROPIC CURVES IN FLRW SPACE-TIME
The FLRW cosmological model for the flat space with rectangular coordinates xi = (t, xq) is described by metric
ds2 = dt2 − a2(t)dxq2, (8.1)
where a is the length scale factor.
Equation of motion of the light-like particle for the time coortinate (4.3) gives
d2t
dµ2
− a˙a
(
dxq
dµ
)2
= 0, (8.2)
where overdot denotes derivative with respect to time. The Euler-Lagrange equations (6.1) for the cyclic coordinates
xq yield constants of motion
pq = −a2dx
q
dµ
/
(
dt
dµ
)2
. (8.3)
Having extracted derivatives with respect to the space-like coordinates from this equation and substituting them in
(8.2) we obtain
d2t
dµ2
− p2q
a˙
a3
(
dt
dµ
)4
= 0. (8.4)
This equation has solution, which with denotation Π = p2q is written in form
dt
dµ
=
(
Πa−2 +B
)
−1/2
, (8.5)
where B is constant. Substitution found first component of the four-velocity vector in equation (8.3) gives
dxq
dµ
= −pqa−2
(
Πa−2 +B
)
−1
. (8.6)
The condition, following from Eq. (8.1):
pq =
(
dt
dµ
)2
− a2
(
dxq
dµ
)2
, (8.7)
corresponds to isotropic curve. It yields B = 0 and components of the four-velocity vector turn out to
dt
dµ
=
1
Π1/2
a, (8.8)
10
dxq
dµ
= −pq
Π
. (8.9)
They conform to solution of equations of the null geodesics for the FLRW space-time [2].
The canonical momenta of the light-like particle are
p1 = Π
1/2a−1 (8.10)
and constant pq. The canonical forces are
F1 =
a˙
a
Π, Fq = 0. (8.11)
Their associated values is written as
p1 = Π1/2a−1, pq = −pqa−2 (8.12)
and
F 1 =
a˙
a
Π, F q = 0. (8.13)
IX. EXTREMAL ISOTROPIC CURVES IN GOEDEL SPACE-TIME
The stationary solution of the Einstein’s field equation with cosmological constant found by Goedel describes gravity
field of the rotating uniform dust matter. With coordinates xi = (t, r, y, z) the line element is written in form
ds2 = dt2 − dr2 − dz2 + 2 exp(
√
2ωr)dtdy +
1
2
exp(2
√
2ωr)dy2, (9.1)
where ω is constant.
A. Solution by Use of Principle of Stationary Integral of Energy
The canonical momenta (2.13) for cyclic coordinates t, y, z are the constants of motion. They are written in form
p1 =
1
u1
,
p3 =
exp(
√
2ωr)u1 + 1
2
exp(2
√
2ωr)u3
u1
(
u1 + exp(
√
2ωr)u3
) ,
p4 = − u
4
u1
(
u1 + exp(
√
2ωr)u3
) . (9.2)
These equations with following from Eq. (9.1) condition
0 = (u1)2 − (u2)2 − (u4)2 + 2 exp(
√
2ωr)u1u3 +
1
2
exp(2
√
2ωr)(u3)2 (9.3)
yield components of the four-velocity vector:
dt
dµ
=
1
p1
, (9.4)
dr
dµ
== ±
[
4p1p3 exp(
√
2ωr) − (p21 + p24) exp(2
√
2ωr)− 2p23
]1/2
p1
(
p1 exp(
√
2ωr) − 2p3
) , (9.5)
11
dy
dµ
= 2
p3 − p1 exp(
√
2ωr)
p1 exp(
√
2ωr)
(
p1 exp(
√
2ωr)− 2p3
) , (9.6)
dz
dµ
=
p4 exp(
√
2ωr)
p1
(
p1 exp(
√
2ωr)− 2p3
) . (9.7)
With p1 exp(
√
2ωr) = 2p3 the singularity takes place.
The canonical momentum corresponding to coordinate r is
p2 = ±
[
4p1p3 exp(−
√
2ωr)− (p21 + p24)− 2p23 exp(−2
√
2ωr)
]1/2
. (9.8)
Canonical forces have values
F1 = F3 = F4 = 0,
F2 = 2
√
2ω
p3
(
p3 − p1 exp(
√
2ωr)
)
(
p1 exp(
√
2ωr)− 2p3
)2 . (9.9)
Associated canonical momentum and forces are
p1 = −p1 + 2p3 exp(−
√
2ωr),
p2 = ∓
[
4p1p3 exp(−
√
2ωr)− (p21 + p24)− 2p23 exp(−2
√
2ωr)
]1/2
,
p3 = 2p1 exp(−
√
2ωr)− 2p3 exp(−2
√
2ωr),
p4 = −p4; (9.10)
F 1 = F 3 = F 4 = 0,
F 2 = −2
√
2ω
p3
(
p3 − p1 exp(
√
2ωr)
)
(
p1 exp(
√
2ωr)− 2p3
)2 . (9.11)
B. Comparision of Extreme Integral of Energy Curves and Geodesics
The procedure for obtaining the geodesic equations by the variation of the integral of expression (1.1) is identical
to finding the Euler-Lagrange equations for the Lagrangian
Lg = η, (9.12)
that is, these equations are identical. For metric (9.1) we have
Lg =
(
u˜1
)2 − (u˜2)2 − (u˜4)2 + 2 exp(√2ωr)u˜1u˜3 + 1
2
exp(2
√
2ωr)
(
u˜3
)2
, (9.13)
where u˜i are 4-velocities of geodesics. The constants of motion are
p˜1 = u˜
1 + exp(
√
2ωr)u˜3,
p˜3 = exp(
√
2ωr)u˜1 +
1
2
exp(2
√
2ωr)u˜3,
12
p˜4 = −u˜4. (9.14)
These equations, together with condition (9.3) for 4-velocities, yield
cdt
dµ˜
= −p˜1 + 2p˜3 exp(−
√
2ωr), (9.15)
dr
dµ˜
= ±
[
−p˜21 − p˜24 + 4p˜1p˜3 exp(−
√
2ωr) − 2p˜23 exp(−2
√
2ωr)
]1/2
, (9.16)
dy
dµ˜
= 2
[
p˜1 exp(−
√
2ωr)− p˜3 exp(−2
√
2ωr)
]
, (9.17)
dz
dµ˜
= −p˜4. (9.18)
As a result, we obtain velocities as the derivatives of spatial coordinates with respect to time
r˙g = ±
[−(p˜21 + p˜24) exp(2√2ωr) + 4p˜1p˜3 exp(√2ωr) − 2p˜23]1/2
p˜1 exp(
√
2ωr)− 2p˜3
, (9.19)
y˙g = 2
p˜3 − p˜1 exp(
√
2ωr)
exp(
√
2ωr)
[
p˜1 exp(
√
2ωr) − 2p˜3
] , (9.20)
z˙g =
p˜4 exp(
√
2ωr)
p˜1 exp(
√
2ωr) − 2p˜3
. (9.21)
Solution by use of principle of stationary integral of energy (9.4)-(9.7) gives velocities
r˙ = ±
[−(p21 + p24) exp(2√2ωr) + 4p1p3 exp(√2ωr) − 2p23]1/2
p1 exp(
√
2ωr)− 2p3
, (9.22)
y˙ = 2
p3 − p1 exp(
√
2ωr)
exp(
√
2ωr)
[
p1 exp(
√
2ωr)− 2p3
] , (9.23)
z˙ =
p4 exp(
√
2ωr)
p1 exp(
√
2ωr)− 2p3
. (9.24)
Expressions (9.20) and (9.23), (9.19)-(9.21) and (9.22)-(9.22) are identical. Thus, curves of extreme integral of a
light-like particle energy coincide with isotropic geodesics in Goedel space-time.
X. CONCLUSIONS
The proposed form of energy of the light-like particle allows applying of the Lagrange’s mechanics for analysis of its
motion in the curvilinear space-time. Considered procedure of production of the free motion equations by variation of
the energy integral conforms to principles of the calculus of variations in the classic mechanics in accordance with which
the motion variations must be cinematically admissible for the system. The virtual displacements of coordinates retain
path of the light-like particle to be null in the pseudo-Riemann space-time, i.e. not lead to the Lorentz-invariance
violation in locality. Equations, obtained by this method, agrees with result given by the generalized Fermat’s and
geodesics principles.
13
A definite Lagrangian produces particle canonical momenta and forces acting on it in the coordinate frame. Con-
travariant momenta are identified with effective, determined from the non-gravitational interactions, energy, and
momentum of particle in gravitational field, and contravariant forces are mapped to the components of the vector
of the gravitational force. Moving in the gravitational field, the particle exchanges energy and momentum with it.
The corresponding energy-momentum vector of particle plays the same role as the pseudotensor used in the laws of
conservation in tensor form. The value of the force acting on a particle in the coordinate frame depends on the choice
of the reference frame, and therefore the quantities determined through them are meaningful only for weak gravity,
for which its values asymptotically converge in different coordinate frames. The analogy between the mechanics of
particle motion in the Schwarzschild space and Newton’s gravity theory allows to determine the gravitational mass of
the photon, which is equal to twice the mass of a material particles of the same effective energy.
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